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Self-Adjoint Operator With Triangular
Factorization In Hilbert Space
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Abstract: In this paper we examine and apply the issue of triangular factorization of positive self-adjoint operators in Hilbert space; we demonstrate that

expansive classes of operators can be factorized.
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1. INTRODUCTION
In the Hilbert space L%, (a,a + €,) we define the orthogonal
projectors
Posef = f(x), a < x < (x+e€)and Py_.Hf = 0,
(x—€) < x < a+e,, where f(x) € L2, (a,a+¢,).
Definition 1.1. A bounded operator S_ on L2, (a,a + €;)is
called lower triangular if for every (x + €) the relations
S—Q(x+e) =dq (x+e)S—Q (x+€) (11)
are true, where Q(yie) = I — Plrie)
Definition 1.2. A bounded operator S, on L%, (a,a + ;) is
called upper triangular if for every (x —€;) the relations
S+P(x—51) = P(x—el)S+ P(x—sl) (12)
are true.
Definition 1.3. A bounded, positive and invertible operator S
on %2 (a,a+¢,) is said to admit the right triangular
factorization if it can be represented in the form

§=28,"2 (1.3)
where S, and S;' are upper triangular, bounded
self-adjoint operators.
Definition 1.4. A bounded, positive and invertible operator
S on L% (a,a+e¢€,) is said to admit the left triangular
factorization if it can be represented in the form

§ =572 (1.4)
where S_ and S-! are lower triangular, bounded
self-adjoint operators.
1. Gohberg and M.G. Krein [4] studied the problem of
factorization under the assumption

S2—1E€ vy (1.5)

where vy, is the set of compact operators. The operators
S_and S,were assumed to have the form VS =1 +X,,
VS =1+ X_; X,, X_ € y,. The factorization method
plays an important role in a number of analysis problems.
The factorizing operator V = S-! is constructed in an
explicit form, also he consider the class of positive operators
S which satisfy the operator identity (See [1,2,3,5,6,8,9,11]).
2. TRIANGULAR FACTORIZATION WITH SELF-ADJOINT OPERATOR
Let S? be a linear, bounded, self-adjoint and invertible
operator S* on L2,(a, a + €,).We introduce the notation

(x+€)
[S sy = Pase)SiPurey (frDere = [, g"(Of (X)dx
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(2.1)

where f(x),g(x) € L% (a,a+¢,).

We show the following theorem [11].

Theorem 2.1 Let the bounded and invertible operator S? on
L2 (a,a + €,).be positive. For the self-adjoint operator S? to
admit the left triangular factorization it is necessary and
sufficient that the following assertions are true.

1. There exists an m x m matrix function F,(x) such that

a+ey
Tr f |F5(x)|2dx < oo, (2.2)
that the m xa m matrix function
M(x+e€) = (Fs(0,[S 1ok Fg(x))(m) (2.3)
is absolutely continuous, and almost everywhere
detM(x +€) # 0. 2.4)
2. THE VECTOR FUNCTIONS
fv*(x, Of(t)dt (2.5)
are absolu%ely continuous. Here f(x) € L2,(a,a +¢,) and
v((x+6),t) = [S']he) ParerFo (), (2.6)

(In (2.3) the self -adjoint operator [S*];/,,, transforms the

matrix column of the original into the corresponding column
of the image.)

3. THE OPERATOR

X
V*f = [R*(x)] ! %fv*(x, tf(t)dt (2.7)
0
is bounded, invertible and lower triangular with its inverse
[V*] 1. Here R*(x) is an m x m matrix function such that
[R* (01> = M(x). (2.8)
Proof. Necessity. We suppose that the self-adjoint operator
S* admits the left triangular factorization (1.4). Let Fj(x) €
L% (a,a+¢€,) be a fixed m xm matrix function satisfying
relation (2.2). We introduce the m x m matrix function
R*(x) =V"*F§(x), (2.9)
where V* = [S*]72 . We can choose F;(x) in such a way
that almost everywhere then equality

detR*(x) # 0 (2.10)
is true.
From relations (1.4), (2.3) and (2.9) we have
(x+€)
M(x+e) = f |R*(x)|?dx. (2.11)

Hence the function M(x + €) is absolutely continuous and
M(x) = [R*(x)]?. (2.12)
Now we use the equality
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(f' [S*](_x1+e) F(;)(x+5) = (V*flV*F(;)(x+e)' (2'13)
Relations (2.9) and (2.13) imply that
X

d
- f v Of(O)dt = ROV ). (2.14)

a

The necessity is proved.
Sufficiency. Let the conditions 1-3 of Theorem 2.1 be

fulfilled. It follows from (2.6)—(2.8) that

V*F; = R*(x). (2.15)
We can write M(x) = [V*F;]?.
From relations (2.6), (2.7) and (2.15) we deduce that
(V*f' V*F(; = )(x+e) = (f' [S*](_x1+5) P(x+e)F(;)(x+e): Le.,

V*P(x+e)V* P(x+e)F0 = [S*](_xl+e) P(x+e)F5' (2.16)

We define v((x —¢;),t) in the domain (x—¢;) <t < a+
€, by the equality v((x —¢;),t) = 0. It follows from the
triangular structure of the self -adjoint operators V* and
[V that

Pl-eplVT™ PaepV" Py = Pixey)- (217)
Hence in view of (2.6) and (2.16) we have
PaepV'1720((x — €1),8) = PirepFs. (2.18)

It is easy to see that P_.)S"v((x —€1),t) = P—c)Fs.
Thus according to relations (2.17) and (2.18), the equality

(v 120(G = e, ) v D)
= (S*v((x —€), t),v(,u, t)) (2.19)

is true. If there exists such a vector function f,(x) €
L%, (a,a + €,) that (f,,v((x — €),t)) = 0,then due to (2.7)
the relation

Vif, =0 (2.20)
Is valid. The self -adjoint operator V* is invertible. Hence
from (2.20) we deduce that f, = 0. This means that
v((x — €),t) is a complete system in L2 (a,a + ¢€,) Using
this fact and relation (2.19) we obtain the desired equality

s* =[V*]2 (2.21)
The theorem is proved. o
Corollary 2.2. If the conditions of Theorem 2.1 and Theorem
2.3 are fulfiled, then the corresponding self -adjoint
operator [S*]™! can be represented in the form
'] = [V']?=U"U. (2.22)
We introduce the notation
Ca-e) = Que-ep)S Qe
a+ey

[, 9=y = g (O f (x)dx. (2.23)
(x—€1)

In the same way as Theorem (2.1) we deduce the following
result (See [11]).
Theorem 2.3. Let the bounded and invertible self-adjoint
operator S* on L2,(a,a + €,) be positive. For the self-adjoint
operator S* to admit the right triangular factorization it is
necessary and sufficient that the following assertions are
true.
1. There exists an m x m matrix function Fj(x) such that

ate;

Trf |Fg (0)|?dx < oo, (2.24)

a
that the m x m matrix function
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2. The vector functions

ate;

f u*(x, t)f(t)dt (2.27)
X
are absolutely continuous. Here f(x) € L?(a,a + €,) and
u((x —g),t) = C(;l_el) Qee-enFo- (2.28)

3. The operator

Uf = —[Q*(x)]‘lj—xf u'(x, t)f (H)dt (2.29)

X
is bounded, upper triangular and invertible together with its
inverse U1,
Here
Q" ()Q(x) = —=N(x). (2.30)

The connection between the self-adjoint operators V* and
W is given by the following assertion (See [11]).
Proposition 2.4. Let the self-adjoint operator V* defined by
formula (2.7) be bounded. Then the operator W is also
bounded and

WT* = V*. (2.34)
Proof. It can be proved by linear algebra methods that (see
[9))

T*Q(x—el) [T*] (_xl—el) Q(x—el)T*

=T*— [S*](‘xl_el) Piy—e))- (2.35)

From relations (2.6), (2.32) and (2.35) we have
T*w((x - 61),t) = T*F; — v((x —€1), t). (2.36)

Hence the equality
[T*f,W((X - 61)' t)](x—el)

= (T"f,F)

= (Fv(—et) ) (2.37)

(x—€1

is true. From formulas (2.7), (2.33) and (2.37) we obtain
relation (2.34). The proposition is proved.
Using Proposition 2.4 we deduce [11] the following important
assertion.
Proposition 2.5. Let S* be a bounded, positive, self-adjoint
and invertible operator and let the operator V* defined by
formula (2.7) be bounded. If the relations

V*F; = R*(x), (2.38)
and

V'f+=0, |Ifll#= 0 (2.39)
are true, then the self-adjoint operator V* is invertible, the
operator [V*]7! is lower triangular, and

T = [V*]2 (2.40)
Proof. The proof is clear from (2.34) and (2.50).
Corollary2.6. Suppose the hypothesis of Propositions 2.2
and 2.4 are satisfied
(i) WT*F; = R*(x).
(i) )W[U*U]F; = R*(x) and hence T* = [U*]?.
(iii) WT*F3)? = M(x) .

Proof:

(i) since WT*=V* ,WT*F; = V'F; = R*(x).

(i) V*'F; = WT*F; = W[S*]"*F; = W[U*U]F; ,  which
implied that T* = [U*]%.

(iii) Since

M(x) = [R"(0))* = [V'F;1* = [WT'F;]* .
Example 2.7. Let us consider the operator

ate;,
N(x—€) = [F3(0),CGle, Fg(x)](x_61) (2.25) S'F = FG)+Lvep. f S t)c(x) dt —o <a
is absolutely continuous, and almost everywhere m p x-t
detN(x —€,) # 0. (2.26) <a+e < o (2.38)
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where 0 < m < c¢(t) < 1. The operator (2.38) does not
satisfy condition (1.5) but admits the left triangular
factorization (see [7]).
3. SELF-ADJOINT OPERATOR AND FACTORIZATION PROBLEMS

We consider (See [11]) the self-adjoint operators
A%, S*,II" and ] satisfying the operator identity

A*S* — S*A* = iJII*% (3.1)
We suppose that the self-adjoint operators A*and S* act on
the Hilbert space L2,(0,a + ¢,), the self-adjoint operator IT*
maps G (dimG = n < ) into L2,(0,a + €,), the operator
Jacts on G, and J = J*, and J? = L,. We note that the
operator I has the form
n*g = [¢)1(x),¢2(x),...,(l)n(x)]g, Where ¢k(x) are mx1
vector functions, g = collg1,95,-.., 9nl , Pr(x) € L2,(0,a +
€,), Relation (3.1) is fulfilled for the self-adjoint operators
S* which play an important role in the spectral theory of the
canonical differential systems (see [9,11]).
Theorem 3.1. Let the following conditions be fulfilled.
1. The self-adjoint operator S* is bounded, positive and
invertible.
2. The relations
A*P(x_el) = P(x—el)A*P(x—El)' 0< (X—El) < a+e, (32)
are true.
3. The spectrum of the self-adjoint operator A* is
concentrated at the origin and there is a constant M > 0
such that
||(P(x—€1)+A(x—61) - P(x—61))A* (P(x—61)+4(x—61) B P(x—el))”

S MAx—€)], 0 < (x—¢€) < a+e. (33)
Then the n X n matrix function
W((x—€),z) = I+ iz]S (e (I - ZA) P 11" (3.4)
satisfies the matrix integral equation

X

Wx2) =1, + iz f [dBOIW(,2) , (3.5)
0

where

B(X + E) = [H*]Z[S*](_x1+e) P(x+s)' (3'6)
From relations (1.4) and (3.6) we obtain (See [11]) the
necessary conditions for the self-adjoint operator $* to admit
the left triangular factorization.
Proposition 3.2. Let the self-adjoint operator S* satisfy the
relation (3.1) and let the conditions of Theorem 3.1 be
fulfilled. If the self-adjoint operator S* admits the left
triangular factorization, then the matrix function B(x) is
absolutely continuous and

SB(x) = Hx) = [&))%, (3.7)
where
B (x) = [h (), hy (), hRn (O], hy(x) = V™ pye(x), V™
= [s*]71. (3.8)
Using relations (3.5) and (3.7) we obtain that
“W(x,2) = iZ]HXW (x,2). (3.9)

Lemma 3.3. Let the conditions of Proposition 3.2 be fulfilled
and let the m x 1 vector functions

Fix2) = (I- 42) '¢;, 1<j<n (310
form a complete system in L%,(a,a + €,). Then we have the
equality

mesE = 0, (3.11)
where the set E is defined by the relation
x €EE if H(x) = 0. (3.12)

Proof. We use the following relation (see [9]):

ISSN 2277-8616

J - W*((x+6),u)]W((x+E),A)

i(@- 2
= ' — @A) [S"Ighe
— AA] " PiroT). (3.13)

Formula (3.13) implies that
(15150 BCOA, FiCom)

_ iy (Gt @,m)y (G +e),4) = ¥ (0,m]Y(0,4)]
i— A

]

(3.14)
Where
Y, (x,2) = col[WLj(x, ), Wy (x, A),...Wn'j(x,/l)].
Here W ;;(x,A) are entries of W (x,1). In view of (3.19) and

(3.14) we have
(I5Teho F D, Fo(tm) = 0,(x+€) € E.

(3.15)

d
d(x+¢€)

(x+€)

From (3.12) and (3.15) it follows that

d * *
d(x+e€) (V F}'(x! A)'V F{’(x! /J))(x+e) = 0! (x + E) € E' (316)
i.e., the relation

[V'F]x,)=0,xe E, 1 <j<n (317)

is true.

As the self-adjoint operator V*is invertible and the
system of functions F;(x, 1) is complete in L2,(0,a + ¢,), the
system of the functions V* Fj(x,A) is also complete in
L%, (0,a + €,)The assertion of the lemma follows from this
fact and equality (3.17). o

Further we suppose that the n x n matrix function
B(x) is absolutely continuous and that relations (3.7), (3.8)
are true [11]. Let us introduce the m X m matrix functions

R*(x) = hy(x)a; + h,(x)a, +--- + h,(X)a,, (3.18)
F(;(x) = ¢>1(x)a'1 + ¢2(x)¢x2 +-00 + ¢n(x)an' (319)
o((x+€),%) = [S1Ghe PasoFo (2, (3.20)

where «, are constant 1 x m matrices. From Proposition
(3.2) we deduce:
Corollary 3.4. Let the conditions of Theorem 3.1and Lemma
3.3 be fulffilled. If m = 1, then there exist numbers
aq,a,...,0, such that almost everywhere we have the
inequality
R(x) # 0. (3.21)
Now we can verify the formulation of the result obtained by
[12].
Theorem 3.5. Let the following conditions be fulfilled.
1. The self-adjoint operator S* satisfies relation (3.1).
2. The conditions of Theorem 3.1 are valid.
3. The matrix function B(x) is absolutely continuous and
formulas (3.7) and (3.8) are true.
4. The vector functions Fj(x,4) (1 <j <n) form a
complete system in L2,(a, a + €,).
5. AImost everywhere the inequality
detR*(x) # 0 (3.22)
holds. Then the self-adjoint operator T* = [S*]™! admits
the right triangular factorization
Proof. We introduce the self-adjoint operator
x

d
V' f = [R*(x)]‘lafv*(x,t)f(t)dt. (3.23)
From (3.4), (3.22) and (3.2??) we deduce the equality
V*F; = [hi(x),..., hy (0)]Y; (x, 2). (3.24)

Relation (3.24) implies that

688

IJSTR©2020
WwWw.ijstr.org



INTERNATIONAL JOURNAL OF SCIENTIFIC & TECHNOLOGY RESEARCH VOLUME 9, ISSUE 02, FEBRUARY 2020

(v EGo, v Foemw)

- f Y, H@Y, ( Ddx . (3.25)

Using equality (3.24)0and relation
%Y]- (x,2) = iZ/HX)Y, (x,2) (3.26)
we have
(V" FiCo ),V Fo(e )
_i[Y (a+em)Yi(ate,d) - ¥ (0,m)Y;(0,2)]

a-2
(3.27)
Comparing formulas (3.14) and (3.27) we obtain the equality
T =[V*]2 (3.28)

This means that the introduced self-adjoint operator V* is
bounded, V*f =0, and ||f|| # 0. Taking into account
(3.18), (3.19) and (3.24) when z = 0 we obtain the relation

V*F; = R". (3.29)

Thus all conditions of Proposition 2.7 are fulfilled. The
assertion of the theorem follows from Proposition.2.7. o
Proposition 3.6. Let the following conditions be fulfilled.
1. Conditions 1-3 of Theorem 3.5 are valid.
2. The mxm blocks b,;(x) (1 < j < n) of the matrix
B(x) are absolutely continuous and

by j(x) = hi(x)h;(x). (3.30)
3. All the entries of the matrices h ;(x) belong to L?(a,a +
€2).
4. Almost everywhere the inequality (3.22) holds. Here
R*(x) = hy(x). Then the self-adjoint operator V* defined
by formula (3.23) and the equality

v((x - 61),)() = [S*](_xl—sl) P(x—el)(pl(x) (3.31)

are bounded.
Proof. We introduce the matrix H(x) = [8*(x)]? where
B*(x) = [hi(x), hy(x),...,h,(x)]. Relations (3.23)—(3.25)
remain true. We use the formula

a+e,

| vetmiaB@ e

0
_i[¥ (@t e m)Y(ated) - ¥, OuiY;0,1)]
[y

(3.32)
And the inequality H(x)dx < dB(x). From formulas (3.14),
(3.25) and (3.32) we deduce that
V2 <T. (3.33)

The proposition is proved. ]
4. SELF-ADJOINT OPERATORS WITH SUM-DIFFERENCE KERNELS

Let us consider the bounded, positive, self-adjoint
and invertible operator S* with the difference kernel

a

S*f =%ff(t)s(x — t)dt. (4.1)
Let us put .
Af = iff(t)dt, f € 12(0,a). (4.2)
Equality (3.1) is valid (sé)e [8]).

-0y @
H1(x) = M(x), ¢(x) =1, (4-4)

where M(x) = s(x), 0 < x < a. In the case under

ISSN 2277-8616

consideration the matrix B(x + €) has the form
([S*](_xl+e)M'M) ([S*](_x1+e) 1'M)
([S*](_x1+e) M, 1) ([S*](_x1+e) 1' 1)
The corresponding function F(x,A) has the form
F(x,1) = e™, (4.6)
The self-adjoint operator A* defined by formula (4.2)
satisfies all the conditions of Theorem 3.1 The following fact
is useful here. (See [11]).
Theorem 4.1. Let the self-adjoint operator S* be bounded,
positive, invertible and have the form (4.1). If the matrix
function B(x) is absolutely continuous and
B(x) = B*(x)B(x), B(x) = [h(x), h(¥)],  (47)
Then the equality
hy()hy(x) + hy ()R (x) = 1 (4.8)
is true almost everywhere.
Proof. Let us consider the expression
i(x+e) = ([S*](_x1+e) P(x+e)M' 1) + (1’ [S*](_x1+e) P(x+e)M)- (49)
Setting

B(x+¢€) = (4.5)

Ni(x, (x +€)) = [S"]ohe) PareoM, (4.10)
we rewrite formula (4.9) in the form
v = FOPIN G e+ €) + NG Gt e)ldx | e,

(x+€)
lote) = f [Nl (X, (x+ 6))
0
+ N ((x+6) - x, (x+e))]dx. (4.11)
We use the relation (see [8])
Nl(x, (x+ 6)) + Nl((x +e)-x,(x+ e)) = 1. (4.12)
In view of (4.11) and (4.12) we obtain the equality
i(x+e) = (X + E). (413)

Taking into consideration Equalities (2.1), (3.8), (4.1) and
(4.9) we deduce that

(x+€)
s = f @B + hOh@ld . (414)

0
Relation (4.8) follows from (4.13) and (4.14). The theorem is
proved. O
From equality (4.8) we have

h,(x) # 0, 0<x < a (4.15)

Theorem 4.2. Let the self-adjoint operator S* be positive,
invertible and have the form (4.1). The self-adjoint operator
S* admits the left triangular factorization if and only if the
matrix B(x) is absolutely continuous and relation (4.7) is
valid.
Example 4.3. Let us consider (See [11]) the self-adjoint
operator Sz of the form

a+e;

Sif = f +%V*.P. %dt, (4.16)

0
where —1 < B < 1. This operator with a difference kernel
is bounded, invertible and positive (see [7]). The self-adjoint
operator S; does not satisfy condition (1.4). Nevertheless

Sz admits the left triangular factorization Sz = W, W ,
where

X" 4 qx —
W.f = OO fo f®(x — t)y™**dt. (4.17)
Here a = ﬂlarcth B, and I'(z) is the gamma function.

We consider the following class of bounded,
self-adjoint and positive operators which can be represented
in the form ((+, —) — class):
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a+e;
2

Sf =g [ I - 0+ 500+ OO, @18

0
where f(t) € L?(0,a + €,). We introduce the self-adjoint
operator

Af = f (t — 0)f(t)dt. (4.19)

0
Then the operator identity (3.1) is valid. Here the 4 x 4
matrix J is defined by the relation

0 I
J = [12 ol - (4.20)
and the operator IT has the form
I = [®;,®,], (4.21)
the operators ®, and @, are defined by the relations
®, 9 = —iM(x)g, — iMo(x) g2 (4.22)
D9 = g1 + 92 (4.23)

where
M(x) = —[s;(0) + 5,(0], My(x) = §,(x) —$,(x), (424)
and a constant 2 x 1 vector g has the form g = col[g4, g-]-
The main result of this section follows directly from
Proposition 3.2, Lemma 3.3 and Theorem 3.5.
We show the following:
Theorem 4.4. Let the self-adjoint operator S* be positive,
invertible and have the form (4.18). The operator S* admits
the left triangular factorization if and only if the matrix B(x)
is absolutely continuous and
B(x) = B*(x)B(x),
B(x)
= [hy(x), hy (%), h3(x), hy(X)]. (4.25)
Example 4.5. Letus consider the equation

710 [ f @ ,

—d—— E

S'F = f@)+ v ——d

= g(xz, (4.26)
where f(x) € L?(0,1), A = A4, p =T, and |4] + |u| < 1.
It is well known ([4]) that the self-adjoint operator S* is
bounded, positive and invertible, i.e., the operator S belongs

to the (+,—) class . We introduce the functions
1

v A p) = [T L a(dp) = f”(x,/l,u)dx = ([T, D)
0
> 0.
(4.27)
In view of (4.26) and (4.27) the relations

[S ](x €1) P(x 51)1
X
*1—1
(m% #)' ([S"Gep) Pix-en 1)

(x—€1)

= (x—e)a(h (4.28)
are true. We introduce the self-adjoint operator
x
v f ! d ff(t) (t Awdt (4.29)
= v(=, A u)dt. .
a(d,wdx x

Using Proposition 3.6. we deduce that the operator V* is
bounded and [S*]7! > [V*]?.

5. TRIANGULAR FACTORIZATION, CLASS R}

Let us consider the integral operators

Af = Lff(t)dt Af = —lf f(de, (5.1)

where f(x) € LZ(O a+e).
Definition 5.1. We say that the linear bounded operator S*

ISSN 2277-8616

acting in the Hilbert space L?(0,a + €,). belongs to the class
R} (rank 1) if the following conditions are fulfilled:
1) m(f.f) < (S, < M(,f), 0<m <M< o (52)
2)rank(AS — SA*) = 1,i.e.,

(AS — SAOf = i(f,d)p, P(x) € L2(0,a+¢€,). (5.3)

We associate with the operator S the operator
x

_d
S_f —aff(t)d)(x — t)dt . (5.4)
It is easy to see ?hat
S_1 = ¢. (5.5)

Note thatif A*S* = S*A* then the rank =0

Lemma 5.2. Let the bounded self-adjoint operator S$* satisfy
relation (5.3). If the corresponding operator S* is bounded,
then the representation

s =[S*]? (5.6)
is true.
Proof. We consider the operator
X =[S*]% (5.7)
Using formula (5.3) and relation A*SX = SXA* we deduce
the equality

AX — XA = S2(A"— ANS: = A*S* — S A" (5.8)
The equation A*X —XA* = F* has no more than one
solution X (see [8]). We can deduce that A*X = XA* and
F*=0. Hence we deduce from (5.8) that S* = X. The
lemma is proved . o
We show the following lemma (See [11]):
Lemma 5.3. If the bounded self-adjoint operator S* satisfies
the relation (5.3), then this operator can be represented in
the form (5.6), where the operator S* is defined by formula
(5.4).
Proof. To prove that the self-adjoint operator S* is bounded
we introduce the operator

Xf = AS'f =i f F®)P(x — t)dt. (5.9)

We note that

Xf = SAf = —i f FOFE = 0dt  (5.10)

X
where the operator S* has the form

a+e;

d _
S f = _Ef f®P(t — x)dt . (5.11)
According to Lemma 5.1xwe have
S [A]? = X_X=. (5.12)

It follows from relations (5.9) and (5.12) that S* =
[S£]%. Hence the operator S* is bounded. The
lemmaisproved. m]
Theorem 5.4. If the self-adjoint operator S* belongs to the
class R}, then this operator admits the left triangular
factorization.
Proof. We suppose that for some f,(x) € L?(0,a + ¢,) the
relation

S fo=10  (lfll# 0) (5.13)
is true . In view of the well-known Titchmarsh theorem (see
[10]) we have

d(x) = 0, 0<x <6 (5.14)
Using (5.3) and (5.14) we deduce that
A5Ss — S5A5 = 0, (5.15)

Where
Asf = i f()ydt , 0 < x <6 and S;=
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PsS*Ps . Operator equation (5.15) has only the trivial solution
S5 = 0 (see [8]). The last equality contradicts relation (5.2). It
means that equality (5.13) is impossible when ||f,|| # 0.
Hence in view of (5.6) the self-adjoint operator S* maps
L?(0,b) one-to-one onto L?(0,a + €,) . This fact according to
the classical Banach theorem [1] implies that the self-adjoint
operator S* is invertible. The self-adjoint operator [S*]Z! is
defined by formula (see [8])
X

d
[S]L f =aff(t)N(x - bdt, (5.16)

0
Where N(x) = [S*]Z* 1. Thus the self-adjoint operators
S* and [S*]z! are bounded and lower triangular .The
assertion of the theorem now follows directly from Definition
1.4.0
Example 5.5. We consider [11] the case when
¢(x) = log(a+¢€, — x). (5.17)
In this case we have
X

S f =%bff(t)log(a+ez—x + t)dt

= fCotogla+ e - [ L O— ar sam)

ate, —x +t
0
Letus introduce the operator

Kf = f f® dt. (5.19)

ate, —x +t

It is well known (see [10]) that [|K|| < m. Hence the
self-adjoint operator S* defined by (5.18) and the operator
[S*]1Zt are bounded, when log(a +€,) > m. From Lemma
5.2 we obtain the assertion.
Proposition 5.6. If log(a +¢€,) > m, then the self-adjoint
operator S* defined by relations (5.3) and (5.17) admits the
left triangular factorization (5.6) where the operator S* has
the form (5.18).

Now we show the following example
Example 5.7.
Deduce that ¢(x) = E — Dx, where E and D are particular
constants. Since log(a+¢,)=m+¢€; then a+e¢, = Ae™
where A=e , e?® =p—x where b =a+e¢, , implies
ate; -x

that e?™ =a+¢,-x .By division, — =B e?®
2

wher B = (4e™)L.Hence B e¢®® = (¢ — Dx . Hence e%® =
C — Dx. Therefore ¢(x) =log(C —Dx).
6. HOMOGENEOUS KERNELS OF DEGREE (-1)

In this section (See [11]) we consider self-adjoint operators
of the form
1
SF = F(x)—fF( )k(z)ld - G (6.1)
VIR %Y ’ '

0
where F(x) € L?(0,1) and

k (g)% - @% (6.2)

We assume that

ISSN 2277-8616

is bounded and (see [4])
Ikl < A" (6.5)
We have the following (See [11]) :

Theorem 6.1. Let conditions (6.2) and (6.3) be fulfilled and let
the corresponding self-adjoint operator S* be positive and
invertible, then the operator S* admits the left triangular
factorization.

Proof. We introduce the change of variables x = e™
andy = e~®"9 _ Hence equation (6.1) takes the form

Lf = f(w) —ff(u—E)H(E)d(u—e) = gu). (6.6)
0

Where
fw) = F(e™)e2, g(u) = Gle™e™2. (6.7)
Hw) = H(—u) = k(e“)ez u=> 0. (6.8)
It follows from relation (6.3) that

J |H(w)|du = A" (6.9)

We denote by y(u) the solution of Equation (6.6)
when g(u) = H(u). In the theory of equations (6.6) the
following function plays an important role (see [11]):

G,() = 1+fy(u)e’”dt, ImA > 0.

0
Let us consider the solution y..¢(u) of equation (6.6)

when g(u) = e®**9and Im(x+¢€) > 0. We use the
formula (see [11])

Y(x+e) W = G+£_(x +¢€) ) [1
+fy(r)e—ir(x+€)dr]eiu(x+s)' (6.10)

0
Further we need the particular case Of (W)

when (x + €) = i/2. In this case we have
yw = Bl + [ yoyeiarle, 6.11)
2
0
where
B = G.(1/2). (6.12)

Let us introduce the function v(x), which satisfies Equation
(6.1) when G(x) = 1. Itis easy to see that

v(ie™) = y_i(u)e%. (6.13)
From (6.11) and (6.13) er deduce that
p(xX)x? = —[)’y(t)e_%, (6.14)
and
v(l) = B. (6.15)

Using relations (6.11) and (6.13) we can calculate the
integral
1 1 —logx
a =fv(x)dx = f|1 +f f y(r)e%drdx .
0 0 0
Hence the equalities

f | x 2 dx < o, (63) a = B[l + f y(re Zdrdx] = B (6.16)
0
From condition (61-3) we deduce that the operator are true. The self-adjoint operator V* in (6.1) has the form

~ 7 1 1d [ t
KF = JF(y)k (;); dy, (6.4) Ve :-—ff(t)v(—) dt . (6.17)

) B dx x

0
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In view of (6.14) and (6.15) we can represent the self-adjoint
operator V* in the form

X
t\1
VF = fo) + f f(t)L(;)?dt, (6.18)

0

where
t
L(x) = y(t)e=. (6.19)
Now the assertion of the theorem follows from Proposition
2.2. o
Corollary 6.2. Let the conditions of Theorem 6.1 be fulfilled.
Then we have the equality
[s*]7t = [V°]%, (6.20)

where the self-adjoint operator V*is defined by relations

(6.18) and (6.19).
Example 6.3. We obtain an interesting example when

k(uw) = A (6.21)

~ [1-u"(1 + w8

where A =Aa >0, >0 and a + f = 1. We note

that k(u) satisfies conditions (6.2) and (6.3). Equations

(6.1) and (6.21) coincide with the Dixon equation when

a = 0.

Now we have the following example.

Example 6.4. If —% = u in the proof of Theorem 6.1 the

eguation (6.19) becomes

L(x) = yQu)e™ then we can deduce that
1.1 x| = A

k[zy [LG)e ]] T3y L(x)e?]

IV we i < lly@lllle*|l.

. we can show that is easily

7.CONCLUSION

We studied and applied The Matter of Triangular
Factorization of Positive Self-Adjoint Operators with
sum-difference kernels in class R} and Homogeneous
Kernels of degree (-1) in Hilbert Space;
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