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Abstract: This article deals with the Bargmann transform as a new method to solve the time-dependent Schrédinger equation.
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1. INTRODUCTION

In 1926, Erwin Schrddinger ([1], [2], [3], and [4]) proposed a
wave theory of quantum mechanics, along the lines of the de
Broglie hypothesis. He considered the evolution of waves in
time and showed that the energy levels of an atom can be
considered as eigenvalues of a Hamiltonian operator. He also
demonstrates that the wave model was equivalent to
Heisenberg’s matrix model. His formulation of the problem, later
called the Schrodinger equation, takes into account both
guantization and non-relativistic energy. The time-dependent
Schrédinger equation is given by

{HY(f,x) = %y(t, x); (t,x) ER; X R

y(0,x) =yo(x); o € L*(R).
where H is the Hamiltonian operator of the system which
correspond to the sum of the kinetic energies and the potential
energies for all the particles in the system. In 1956, V.
Bargmann [5] present an integral transform from the space of
square integrable functions L?(R) to the Fock space [6]. This
transform was called later Bargmann transform and a great
number of research works has been done on it [7], [8], [9], [10],
[11], [12], [13]. In this work, we use the Bargmann transform to
solve the equation (1.1) where H is the Harmonic oscillator

defined by H = :_:2_ a’x? which is one of the most famous
model of Hamiltonian operator in the Quantum mechanics. The
solution of this equation has been known for a long time as in
[14] p.145 and is based essentially on the famous Mehler’s
formula [15], but our method is new. Indeed, we use the
Bargmann transform as an intertwining operator that transports
the harmonic oscillator to a complex Euler operator. This
relationship is our main tool for solving the equation above.
This paper is outlined as follows

In section 2, some useful results about Bargmann transform are
presented.

In section 3, we compute the exact solution of the Schrédinger
equation (1.1).

In section 4, we compute explicitly the solution of heat Cauchy
problems attached to the generalized real and complex Dirac

(1.1)
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operators by the method of section 3.

In section 5, we give some numerical results dealing with the

solution of (1.1).

1 Bargmann transform

For a > 0, we define a Gaussian measure on C as follows
dA,(z) = %e‘“'zlzdz.

The Fock space, denoted F?, is the subspace of all entire

functions in L?(C,dA,) which is a Hilbert space with the inner

product

<fg> f f@g@DdG).  (22)
C

V. Bargmann, in [5], [16] has defined a mapping B, from the
space of square integrable functions L?(R) to the Fock space
FZ2, called Bargmann transform, that is vz € C,Vf € L*(R)

[B1(2) = (%) [ et @y

We use in this paper a parametrized form of the Bargmann
transform given by K. Zhu [17] as follows

[Baf1(2) = (Zn—“) [ ettt ax 2

This mapping is an isometry from L?(R) to FZ, its inverse is
given by

5110 = (5)' [ r@ e i, @s)

Our aim in this section is to present some important results
involving the Bargman transform and that will be useful to prove
the principal theorems of this paper. These results are well
known in the literature for the classical Bargmann transform B.
We adapt here some of their proofs for the parametrized form
B

-
Lemma 2.1. ([17]) Let f € L?(R) we have
10

1. [B%(xf)] @ =(32+7) [B%f] ().

adz
2 a2 = (- 22) o
3. [B% ((:—x - ax) f)] (z) = —az [B%f] (2).
4. [B%((a"—x +ax) f)] ) =22 [Bof]| .

Let EZ and h{ be respectively the complex Euler operator

and the quantum harmonic oscillator defined by
2
% —a?x? (2.6)
The following proposition is our principal tool in this paper, itis a
direct consequence of lemma 2.1.
Proposition 2.1. We have
[Ba(hip)] (@) = E¢ [Baf| ).
The following lemma gives the Bargmann transform of the
760
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Gaussian function.
Lemma 2.2. Let b,c,a and B be real numbers such that b > 0
and |a| < 1, then the following lemma holds

L ac afa—2b c?
1. [Bg(e_bxz"ch)] (z) = (2)4 aiZb ea+zb eZ(a+2b)Z2 e2(a+2b)
1
2. [Ba —az +,B‘z ](Z) _ )Z
Proof. For c € R and b > 0 we can write

1 [ee]
—bx? a\z b2 Q.2 Q.2
[Bg(e bx +cx)] (Z) — (_) e bx“tex pAXZ=X=72% 4. —
2 T .
2

1 2 2
(E)Zf‘” e_(bJ’%)(x_ﬁ_ﬁz) +(b+%)((afzb)2’(afzb)zzz’(aiilcz)z‘)_%
T —0

Then, [B%(e_bx2+cx)] (Z) —

2
e _EGTZ)"Z e(%)"e “a (f+a)

r(1+a)

2
Z
dx

1 2 2 © 2
a\i ¢ ( a ‘1) 2 _ac (048 (x——C @
(—) e2(a+2b) p\2(at+2b) 4 “ e(a+2b) e (b+2)(x a+2b a+2bz) dx
1-[ [e0)

From the formula (see lemma 2 of [é])

2
[2 e () mramad) dax = [,
—® b+
we obtain
L —2b c?
[male+) (2 = (&) [ envia® o) emvm,
2 T a+2b

Thus we obtain the first assertion of the lemma. The second
assertion is a consequence of the first one if we put

a—2b
a+2b’ D

a=—— and B=
Let r € R such that |r| <1 and k, be the operator of FZ
2

a+2b

defined by [k, g](z) = g(rz), forall g € F and z € C.

2
Theorem 2.1 Let f € L?(R) and r € R such that |r| < 1. We
have

2arsx

1+T )
el-r7(s.

(x%+52)

Ba Baf x) = f(s)e 2
g ke mer] e = |

Proof. By definition, [Bglkng f] x) =
2 2

a axz-2x2-%7* asrz-2s2-9y252
— | e™ 2" 77 f(s)e 2° 72 % dsdAa(2).
T Je R 2

Using the change of variables s’ = rs, we get

[Balk Ba f] x) =

\/ﬁ f axz-9x2-37° f f(s%) eaS’Z‘ES__Zr 2 s dla(z)
e

e 217 feas'z_ErZZZJraﬁ_Exz_ZE d/la(z) ds'.
C 2
We can easily check that applying Fubini’'s theorem in the
previous line is justified. Now, we notice that

We deduce from lemma 2.2 that
1+r

B 1 (eas z——r z* ]( ) =1\- \/—\/\/]_a_r e_%(l—rz)x
2

So we obtain
5k Baf] (x) =

2 2as! asr?
2% ,T12
e1-r2" g 1-r2,

_as?
e 1-12 ds',

2asr

asr? a(1+r2) 2 N
e1-r2

e_Zrz 6_7 1-12

1 s’
;\/E\ll —r? lRf <?)

Set again s’ = rs, we obtain

Btk 7] 0 = (920, £ (2) 57 27 (e25°) | coras.
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[B%‘lk Ba f] (x)

__<1+r2>x2 2ars _ar’s?
f(s)e” 7521 e1-r2" ¢ 117 (s.
\/_\/ —rzf

Hence

2ars

ei—2* ds.[]

a 1+T2)(X2+52)

[tk 1] 00 = i f, 1) 1

2 TIME-DEPENDENT SCHRODINGER

EQUATION
Our purpose in this section is to give explicit solution of the
time-dependent Schrodinger equation (1.1). For this aim, we
consider this partial differential equation

ESY(t,2) =2Y(t,2); (t2) €R,XC
t , (3.1)
Y(0,2) =Yy(2); Y, € Fa,
2

where EZ is the complex Euler operator defined in (2.6).
Lemma 3.1 The solution of the Cauchy problem (3.1) associated
to the complex Euler operator is given by the formula

Y(t,z) = e ™ Y, (e2%z).
Proof. The fact that this function satisfies (3.1) can be checked
directly. [J
Theorem 3.1 The time-dependent Schrodinger equation (1.1)
has the unique solution given by

y(t,x) = f K,(x,5,t) yo(s) ds
R
where
K,(x,s,t) = \Em (-5(e+s?) cothat)+rpros) (3.3)

Proof. Let y be a solution of (1.1). Then, by applying the
Bargmann transform Ba, we obtain

[Ba(h2 (6. 0)] () = o2 [Baly. )] @ (61 € By x€
[B2r(0.20)] (@) = [Bayo] (2;

Proposition 2.1 assures that
( 2azi — a) [Ba(y(t x))] (z) = [Ba(y(t x))] (2);
[B;(y(O.x))] @) = [Ba(o)] (z): Yo € 2(R),

Now, lemma 3.1 gives
[Bay| (t.2) = e= [Bay| (e
Thus,

v = [Ba* (e [Bayo] (e 2)| )

Theorem 2.1 now implies that

O iy PACE

——(x +s2) coth(2at) s
yo(s) e 2 esmh(Zat) dsl l:‘

B ‘/;ﬂ/sinh(Zat) R

Yo € L*(R).

—2atz), (t,z) ER%L X C.

2ae—2ut
——aar SX
el-e~1at™ (g

1+e~ %@
2(——4at) (x%+s2)

3 APPLICATIONS
In this section, we make use of the results of lemma 2.1 to
compute explicitly the following Cauchy problems associated to
the generalized complex and real Dirac operators
DIU(tZ) =2 U(tz); (t2) € R, X G,
4.1)

U(0,2) = Uy(2); U, € F¢
2
and
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{d,‘,‘u(t, x) = %u(t, x); (t,x) ERL XR,
u(0,x) = uy(x); uy € L2(R).
where the generalized complex and real Dirac operators are
given by

D} =%%+§, and d,‘?=aa—x—ax. (4.3)

Theorem 4.1 The solution of the Cauchy problem (4.1)
associated to the generalized complex Dirac operator is given
by the formula

(4.2)

zt  t?

Ut 2) = ez esa Uy (z+2).
Proof Let U be a solution of (4.1). Then, by applying the inverse
of the Bargmann transform Ba*, we obtain

2
- 10 z 0 - «
Bs' ((ZZ +3) U(t'z)> =58 (U(t2); (t.2) € R, X C,
Ba*(U(0,2)) = Ba'Uy; U, € F&.
2 2 2
Using lemma 2.1 we get

x [B%*U] (t,x) = %[B;‘lU] (t,x); (t,x)ERLXR
[Bg_lU] 0,x) = [B%*UO] (x); Uy€ F%Z.

Thus Bz'U satisfies the formula

2
[Bglu] (t,x) = et [Bgluo] ).
2 2
This implies that

U(t,z) = [Bg (ethg_on)] (2)=
2 2
1 2
) f L R f Up()e™™ 25" dia(v)dx =
T R C 2

1
ayz t axz—gxz—ﬁ axv-2x2-%5*
(—) ePUy(v)e™ 2 1 e 2° 72" dAa(v)dx =
T RYC 2

t t
az? a(z+g)? _a@+p)?

1

H t\_ a_z — a, a2
a\z -4z 2 +5)-2 %2 & :
(;) emae + [ [ Uo(v)eax(z e i dxl;(v)ax

Consequently,
zt t2? t zt t2? t
U(t,z) = e2 eda [B% (Bgluo)] (z + E) =e2 et U, (z + E) .0
2
Theorem 4.2 The solution of the Cauchy problem (4.2)
associated to the generalized real Dirac operator is given by the
formula

—at?
u(t,x) =e ez uy(x+t).
Proof Let u be a solution of (4.2). Then, by applying the
Bargmann transform Ba, we obtain
2

( 0 0 _ .
B% <$ - ax) u(t,x) | = &B%(u(t, x)); (t,x) ER XR,
Ba(u(0,x)) = Ba(ug); uo € L*(R).
2 2
Using lemma 2.1 we obtain
a
—az [B%u] (t,2) = T [B%u] (t,2); (t,z)ER; xC
[Ba] (0.2) = [Baw] (;
2 2
Then Bau satisfies the formula
[Bgu] (t,z) = e 9% [Bguo] (2).
2 2
This implies that
u(t, ) = [Ba (e Bau)| (o)
2 2

uy € L2(R).

ISSN 2277-8616

- a _, a2
T TE ds dA,(2)

1

= 2
a\z _ _Q2_0Zz7
(—) ff e Mty (s)e™? 2 Ta e”
T JoJr

1
avz : axz z
(_)zf f o (s) e¥6~D55 5 pa 2312 4o 43 (7)
T/ JcJr

By setting s’ = s — t, we obtain u(t,x) =

1
= 2
a2 G2 42 _az z-2
(—) fjuo(s’+t)e“25’e e 2 e '™ g T2
T JoJr
1

2 a-2
"4 ds'dA,(2)

a 2 az?

= (E)Z B%_I <f]Ru0(s' +1t) e‘%tze—as’teazs’e—%j.@_TdS)
= [Bg_l (Bg (uo(Sl + t)e_%tze_as't)>] (x)
2 2

_Etz
=uy(x+t)e z" e ¥ ]

4 NUMERICAL RESULT

We compute here the numerical values of the propagator of the
time-dependent Schrédinger equation K,(x,y,t) for (a=
1,t=1,x=1.5 and y = 1..5) (figurel). Secondly, we give
the graphical representation of K,(x,y,t) for a=1,t=1,
(figure 2). And finally, we make a comparison between the
graphical representation of K,(x,0,t) for a=1,t =1 and the
free Schrédinger propagator (normal distribution) (figure 3).

Figure 1: Value table of the propa
y

ator K,(x,y,1)

1 2 3 4 5

1 0.138326 0.0384501 0.00378784 0.000132247 1.63636 x 107°

2 0.0384501 0.0140811 0.00182756 0.0000840641 1.3704 % 107¢

3 0.00378784 0.00182756 0.000312503 0.0000189381 4.06741x 1077

4 0.000132247 0.0000840641 0.0000189381 1.51203 X 107® | 4.27845x 10°°

5 1.63636 x 10° 1.3704 X 10° 4.06741 x 10° 4.27845 X 10° 159498 x 10°

Figure 2: three dimension graph
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Figure 3: graphic comparison with normal disribution

5 CONCLUSION

In this work, we present a new method, based on the famous
Bargmann transform, to solve the time-dependent Schrodinger
equation. This method might be useful for solving a large class
of partial differential equations, especially those concerning the
operators that can be intertwinned by the Bargmann transform.
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