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Abstract: This paper presents a review with numerical example and complexity analysis of the fast multiplication algorithms to help embedded system 
designers to improve the hardware performance for many applications such as cryptosystems design. The paper presented two practical multiplication 

algorithms: Karatsuba multiplication algorithm with time complexity 𝐎(𝐧     ) and Schönhage–Strassen multiplication algorithm with the run-time bit 
complexity defined as 𝐎(𝐧    (𝐧)    (   (𝐧)) . In addition, interleaved multiplication algorithm can be used efficiently to compute the modular 
multiplication with logarithmic time complexity which enhances the linear time complexity of Montgomery modular multiplication. 
  
Index Terms: Karatsuba multiplication, Schönhage–Strassen multiplication, interleaved multiplication algorithm, Montgomery modular multiplication, 
Guajardo-Paar Squaring Algorithm. 

———————————————————— 

 

I. INTRODUCTION 

The incremental demand on the embedded and System-on-
Chip (SoC) [8] technologies in different computer based 
application raised the opportunity of employing several 
computers aided (CAD) tools along with the configurable 
hardware processing units such as field programmable gate 
array (FPGA) and application specific integrated circuits 
(ASIC). Considerable number of embedded coprocessors 
design were used to replace software based (i.e. programming 
based) solutions of different applications such as image 
processors, cryptographic processors, digital filters, low power 
application such as [11] and others. The major part of 
designing such processors significantly encompasses the use 
computer arithmetic techniques in the underlying layers of 
processing.  Computer arithmetic [1] or digital arithmetic is the 
science that combines mathematics with computer 
engineering and deals with representing integers and real 
values in digital systems and efficient algorithms for 
manipulating such numbers by means hardware circuitry and 
software routines. Arithmetic operations on pairs of numbers x 
and y include addition (s = x + y), subtraction (d = x – y), 
multiplication (p = x × y), and division (q = x / y). Subtraction 
and division can be viewed as operations that undo the effects 
of addition and multiplication, respectively. Multiplication 
operation is considered as a core operation that affect the 
performance of any embedded system. Therefore, the use of 
fast multiplier units will result in enhancements in the overall 
performance of the system. Recently, several solutions were 
proposed for multiplication algorithms while few of them were 
efficient. In this paper, we will review two efficient and fast two 
operands multiplication algorithms, two efficient modular 
multiplication algorithms, and two efficient fast squaring 
algorithms. The remaining of this paper is organized as follows: 
Section 2 discusses the efficient multiplication algorithms. 
Section 3 provides the review of two well-know and practical 
modular multiplication algorithms with numerical examples. 
Section 4 discusses two fast squaring algorithms with 
numerical examples. Finally, Section 5 concludes the paper. 
 

II. FAST TWO OPERANDS MULTIPLICATION ALGORITHMS 

A multiplication algorithm is method to find the product of two 
numbers, i.e. P= X×Y. Multiplication is an essential building 
block for several digital processors as it requires a 
considerable amount of processing time and hardware 
resources. Depending on the size of the numbers, different 
algorithms are in use. Elementary-school grade algorithm was 

multiplying each number digit by digit producing partial sum 
with complexity of  (  ). For larger numbers, more efficient 
algorithms are needed. For example, let a and b integers to be 
multiplied with n-bit equal to 1k bits, thus 1,000,000 single-digit 
multiplications. However, more efficient and practical 
multiplication algorithms will be discussed in the following 
subsections. 

 

 
 

Fig.1: implementing large multipliers using smaller ones 
 
2.1 Karatsuba Algorithm 
Karatsuba method [3] is a fast multiplication algorithm which 
was published in 1962. It reduced the complexity of two n-digit 

members at most               and exactly equals to        
when n is a power of 2. Karatsuba algorithm was the first 
multiplication algorithm faster than the school grade algorithm. 
Its basic idea is replacing the multiplication of two large 
numbers with 3 multiplications using smaller ones, usually less 
than or equal the half. Figure 1 shows the basic idea of 
implementing large multipliers using smaller ones such as 
Karatsuba Multiplication (KM). 
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Algorithm:    Let     be integers and   is the base (radix) and 

    where n: #of digits 

1- Write          on these form 
      

     
      

      
2- Product      

                     
           , Where: 

         
   (     )(     )        
         
     

A more efficient implementation of KM as follows:  

   (    )    (     )(     )  (   )   

 
The inputs x and y are treated as each split into two parts of 
equal length (or the most significant part one limb shorter if N 
is odd). This formula means doing only three multiplies of (N/2) 
×(N/2), whereas a because multiply of N×N is equivalent to 
four multiplies of (N/2) ×(N/2). The factors (b2+ b) represent 
the positions where the three products must be added. For 
better understanding, we give the following numerical example:  
 
Find   , where B = 10, m = 3, x = 9876, and y = 54321 

             and               
                          

                
                      

   (     )(      )              
                                           

 

2.2 Schönhage–Strassen algorithm 
Schönhage–Strassen algorithm [9] is a fast multiplication 
algorithm with low time complexity. It starts to outperform 
Karatsuba and its generalization algorithms with 
astronomically lager values, generally beyond ~ 2

30
. 

Schönhage–Strassen algorithm is based on the convolution 
property. It uses recursive Discrete Fourier Transform (DFT) in 
rings with 2

n
+1 elements, a specific type of number theoretic 

transform. Suppose we are multiplying         with the long 
multiplication using base B digit without carry: 

   1      2       3 
X       4      5       6 
         6     12      18 

             5       10     15 
   4       8        12 
2       13       28      27      18 

 
This sequence (4, 13, 28, 27, 18) is called the acyclic or linear 
convolution of the two original sequences (1,2,3) and (4,5,6). 
Once the convolutions sequence is computed, carry addition is 
performed to get the answer. In this case, keeping 8 and 
adding 1 carry to next position results in 56088. Schönhage–
Strassen algorithm takes advantage of the convulsion theorem 
in computing the cyclic convulsion sequence, then using a fast 
adder to compute the last step. However, it also involves more.  
Convulsion property is defined as: 

 
        𝐧       𝐧(   )        (   ( )      ( )) 
 
To sum up, table 1 summarizes the comparison between 
different up-to-date multiplication algorithms. Karatsuba is 
considered the most practicable algorithm as its 

implementation is easier than others with improved 
performance. 

 
TABLE 1  

COMPLEXITY COMPARISON OF FAST TWO OPERANDS 

MULTIPLICATION 
 

Multiplication Algorithm #of Single-Digit-Mult. 

Elementary School Method O(n
2
) 

Karatsuba O(n
log(3)

) = O(n
1.585

) 

Toom-Cook O(n
log(5)/log(3)

) 

Schönhage–Strassen O(n log(n) log(log(n))) 

Fürer's algorithm  (            ( ))  

 

III. MODULAR MULTIPLICATION ALGORITHMS 
Modular multiplication encompasses the multiplication of two 
large integers over a predefined modulus. It's an important 
operation in public key cryptographic (PKC) algorithms such 
as RSA cryptosystem design [10]. The classical way to 
compute the result of modular multiplication is multiplying the 
operands then reducing the result with respect to the modulus. 
This classical algorithm is not efficient because PKC deals 
with very large integer numbers. More efficient algorithms can 
be used as discussed here. 
 
3.1 Montgomery Modular Multiplication 
Montgomery reduction is a technique which allows efficient 
implementation of modular multiplication without explicitly 
carrying out the classical modular reduction step [4]. By 
combining the classical multiplication with Montgomery 
reduction, we can get a Montgomery multiplication which 
described as follows:  Suppose we have: x.y mod m where: x 
= {xn-1, …, x1, x0}, y = {yn-1, …, y1, y0} and m = {mn-1, …, m1, m0} 
with x ≥ 0, m > y. By using binary radix, we have: R = 2

n
, 

calculating: Z = x.y.R-1 mod m, to get x. y mod m, simply 
multiplying the result with R mod m. The complete algorithm 
steps are given in the flowchart in Fig.2 followed by a 
numerical example.  
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Fig.2: Montgomery Multiplication algorithm diagram of radix-2. 
 

As an example, we calculate 941. 509 mod 1433 where x = 
01110101101 and R = 2

11 
= 2048. 

 
x Z + xt. y Z 

1 509 971 

0 971 1202 

1 1711 1572 

1 2081 1757 

0 1757 1595 

1 2104 1052 

0 1052 526 

1 1035 1234 

1 1743 1588 

1 2097 1765 

0 1765 1599 

 
As a result, we get Z > m, so Z = 1599 – 1433 = 166 which is 
x.y.R-1 mod m. By multiplying Z by R mod m = 615 we get the 
answer: 347 ≡ 941. 509 mod 1433. 

 
3.2 Interleaved Multiplication algorithm 
The interleaved multiplication technique uses an iterative 
method of addition and reduction of partial products [5]. If we 
have x. y mod m, x = {xn-1, …, x1, x0} the interleaved algorithm 
starts to scan the multiplier (y) from the right MSB to LSB. In 
each iteration, the partial result is shifted and added to the 
multiplicand (x). The complete algorithm steps are given in the 
flowchart in Fig.3 followed by a numerical example.  

 
 

Fig.3: Interleaved Multiplication algorithm diagram. 
 

As an example, we calculate: 34. 52 mod 7, the iterations are 
shown below: We see that the answer is: 4 ≡ 34. 52 mod 7 
 

y T 2T mod p T = T + a mod p 

1 0 0 6 

1 6 5 4 

0 4 1 1 

1 1 2 1 

0 1 2 2 

0 2 4 4 

 
To sum up, table 2 summarizes the comparison between the 
two modular multiplication algorithms. It's clearly seen that the 
interleaved multiplication algorithm is better than Montgomery 
modular multiplication in terms of time complexity which make 
it the most practicable algorithm for improved performance. 

 
TABLE 2 

COMPLEXITY COMPARISON OF FAST MOD_MUL ALGORITHMS 
 

Montgomery Modular Multiplication O (8n) 

Interleaved Multiplication algorithm O (6 log n) 

 

IV. FAST SQUARING ALGORITHMS 
Squaring is used to substitute for multiplication because 
squaring is much more efficient and easier than multiplication 
since half of the single- precision multiplications can be 
skipped, as shown in Fig.4. This due to the fact          

       . Thus, we can modify the standard multiplication 

procedures to take advantage of this property of the squaring 
operation [6]. The standard squaring procedure is descried 
Fig.5 followed by numerical example.  
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FIG.4. The standard squaring property. 
 

X= (xnxn-1...x2x1)b, b is the radix

i = 0,  j = 0, Si= 0

For i = 1 : 2n

(u, v)b= si+i-1 + xi*xi

Si+i-1 = v

For j = i+1 : n

(u, v)b = si+j-1 + 2*xj*xi + u Si+j-1 = v

Si+n = u

Holds

Fail

Fail

Hold

S = ( S2n S2n-1   S1)b

 
 

FIG.5. Flow chart of the standard squaring procedures. 
 
Example 1: Let X = 432, i.e., n = 3 and b = 10. 
 

 

However, the carry-sum pair requires      bits instead of    
bits for its representation. Thus, we need to accommodate this 
extra bit during the execution of the operation. The resolution 
of this carry may depend on the carry bits handled by 
processors' architecture (0). 
 
4.1 Guajardo-Paar Algorithm 
This algorithm fixes the improper carry handling bug produced 
in the standard squaring algorithm [7]. 
 
Algorithm (The Guajardo-Parr algorithm) 

Input: Integer X = (xnxn-1 … x2x1)b 

Output: Integer S = X
2
 = (s2ns2n-1 … s2s1)b 

begin 
 si = 0 for i = 1 to 2n 
 for i = 1 to n 
 (u, v)b = s2i-1 + xi

2
 

 S2i-1 = v, d = u, e = 0 
for j = i + 1 to n  

 (p, q) = xi * xi 

 (u, v)b = si+j-1 + (p, q) + d,   si+j-1  = v, 
 d = u 
 (u, v)b = si+i-1 + (p, q) + e,   si+l-1 = v 
 e = u 
 endfor 
 (u, v)b = d + e, d = v, e = u 
 (u, v)b = si+n + d, si+b = v 
 Si+n+1 = e + u 
 endfor 
Return S = (s2ns2n-1 … s2s1)b 
end  

 
Example 2: Let X = 876, i.e., n = 3 and b = 10. 
 

 
 

V. CONCLUSIONS AND REMARKS  
Multiplication operation is a core operation that affect the 
performance of any embedded system. For instance, 
Karatsuba multiplication algorithm with time complexity 
 (      )  requires only ~ 56,000 single-digit multiplications 
while Schönhage–Strassen multiplication algorithm with the 
run-time bit complexity defined as  (    ( )    (   ( ))) , 
requires 1431 single-digit multiplications for 1k bit numbers. 
However, Schönhage–Strassen practically is very complicated. 
Also, interleaved multiplication algorithm can be used 
efficiently to compute the modular multiplication with 
logarithmic time complexity which enhances the linear time 
complexity of Montgomery modular multiplication. Squaring 
algorithm is more efficient and easier than multiplication since 
half of the single- precision multiplications can be skipped. 
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